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Abstract

This paper deals with the reassessment of the sample size for adaptive two stage
designs based on conditional power arguments utilizing the variability observed
at the first stage. Fisher’s product test for the p-values from the disjoint samples
at the two stages is considered in detail for the comparison of the means of
two normal populations. We show that stopping rules allowing for the early
acceptance of the null hypothesis which are optimal with respect to the average
sample size may lead to a severe decrease of the overall power if the sample size
is a priori underestimated. This problem can be overcome by choosing designs
with low probabilities of early acceptance or by mid-trial adaptations of the
early acceptance boundary using the variability observed in the first stage. This

modified procedure is negligibly anti-conservative and preserves the power.

1 Introduction

The design of experiments is generally based on more or less restrictive assump-
tions in the planning phase. For example designs that are optimal with respect
to sample size under specific assumptions may be poor if the assumptions do not
apply as in the case where the variability is misjudged a priori. A flexible tool
to address this issue are adaptive designs. Adaptive two stage designs expand
the notion of an internal pilot study such that the design of the remaining study
part can be modified without compromising the overall significance level or the
overall power of the trial (Bauer and Kohne, 1994; Bauer and Réhmel 1995).

In this paper we investigate the situation where in the planning phase of an
experiment the power is fixed at a minimum relevant effect size for a given type I

error probability. This effect size worth to be detected in the trial is assumed to be
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given in absolute differences of population means which is commonly the case. To
calculate the sample size usually a variance estimate is taken from previous data.
However, there may be considerable differences in the environment (population,
measurement procedures, treatment modalities, etc) which may influence the
variability in the forthcoming trial. This — in case of an underestimation of the
variability in the planning phase — can lead to a considerable loss of power. There
seems to be a tendency in medical experiments to use optimistically low variance
estimates to keep the number of patients low. However, Kieser and Friede (1999)
also give an example for an overestimation in the planning phase which leads to
an unnecessarily high sample size.

A way out is to use an internal estimate of the variability for the reassess-
ment of sample size in the course of the study. Several proposals for sample size
reassessment after an internal pilot study have been made (Stein, 1945; Coffey
and Muller, 1999; Wittes et al., 1999; Zucker et al., 1999; Kieser and Friede,
1999). If in the final analysis the common test statistics is applied without ac-
counting for the reassessment procedure (Wittes and Brittain, 1990; Birkett and
Day, 1994) type I error probability inflations have been shown. These can be of
relevant magnitude in particular if the preplanned sample size may be reduced
in the reassessment procedure.

This paper deals with procedures where decision rules for early rejection and
acceptance of the null hypothesis are applied after the first stage (internal pilot
study) together with systematic sample size reassessment based on conditional
power arguments. Our tools are adaptive combination tests which can handle
both issues simultaneously without inflating the type I error probability.

A well studied combination test is based on Fisher’s product criterion for the
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one sided p-values p; and py calculated for the tests in the disjoint samples before

and after the adaptive interim analysis. The level a combination test rejects if
P1P2 < Co = e X0 (1)

where x2 |, denotes the I-o quantile of the central x*-distribution with n degrees
of freedom (we assume that under the null hypothesis p; and py are independently
and uniformly distributed on [0, 1]). There is an appealing feature of this method:
All information from the first stage (e.g. the observed variability and effect size)
can be used to plan the second stage. Sequential procedures for early stopping
with acceptance and rejection of the null hypothesis can be easily defined (see
Section 2.2.1 below).

Recently several other combination tests have been suggested for the adap-
tive scenario. For normally distributed test statistics with known variance Leh-
macher and Wassmer (1999) use the sum of the standardized test statistics (see
also Bauer and Ko6hne, 1994). This is an application of Liptak’s (1958) combina-
tion test statistics ®1(1 —p;) + ® (1 — py). Shen and Fisher’s (1999) approach
restricted to two stages corresponds to a weighted sum of the two inverse normal
terms (Mosteller and Bush, 1954). The method of Cui, Hung and Wang (1999)
also applies a combination principle with prefixed weights. The setup of Proschan
and Hunsberger (1995) is based on the concept of the conditional error function.
Combination tests can be looked at in terms of the error function and vice versa
(Posch and Bauer, 1999; Wassmer, 1999). Conditional power arguments for sam-
ple size reassessment can be applied to all the two stage decision procedures.
However, due to its generality, simplicity and high flexibility we only consider
the product test further on. Its power appears to be very close to the power

of e.g. the method of Proschan and Hunsberger (1995) for normally distributed
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statistics (Wassmer, 1998).

The paper is structured in four steps. First we describe the sample size re-
assessment procedure for adaptive two stage designs based on conditional power.
Then we derive some asymptotic results on optimal decision boundaries in terms
of the average sample size when systematic sample size reassessment is applied.
Further we investigate the statistical properties of these designs for the finite case
when the choice of optimal designs has been based on a correct or incorrect a-
priori specification of the variance. Finally, to overcome a possible loss of power
in case of an a priori underestimation of the variability we propose a mid-trial

redesigns of the decision boundaries.

2 Reassessment of sample size

2.1 The test problem

We consider a two stage test of the one sided hypothesis Hy: 1y = po against
Hiy: iy > po for the difference of means from two independent normal populations
and assume common unknown variance o2 in both groups. Let n;,n, denote the
sample sizes in each treatment group for the first resp. second stage (for simplicity

we assume that the sample sizes are balanced over treatments).

2.2 A general reassessment procedure based on conditional

power including early stopping
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2.2.1 Stopping rules

General stopping rules can be defined in a straightforward way. If p; < o
we stop early with a rejection of the null hypothesis tested at the first stage;
if p1 > ap we stop early with the acceptance of the null hypothesis after the
first stage. Only if g < p; < ap we do proceed to the second stage. Here
we reject if py - py < cq,, otherwise we accept. To get a level a test from two
independent uniformly distributed random variables the quantities g, a; and aq

have to satisfy (Bauer, Bauer and Budde, 1998) :

a1 + Ca, {log(ag) —log(ar)} = a, (2)

where ¢,, is defined in (1) replacing a by as.

Feasible choices of oy and «; Since p; po < p; it only makes sense to consider
Oé*Oél
cases where oy > ¢,,. By (2) this is the case if oy > e @1 . For fixed ay we

can write g as function of aq

a—aq

ap(ag) = aje 2 . (3)

The function ag(cy) is monotonically decreasing in «; with ag(c,) = 1 and
ap(a) = a. Some special choices have been discussed: oy < 1,0 = « (Bauer
and Kohne, 1994); ap = 1, which means no early acceptance (Bauer and Réhmel,
1995). In the following we choose ay < «a such that the final product test is
always performed at a level not exceeding «. Nevertheless, the product test may
reject the null hypothesis after the second stage although the fixed sample size
test for the pooled samples and the same a-level does not reject. This, however, is

a general feature common to adaptive designs (Posch and Bauer, 1999). Clearly



2 Reassessment of sample size 6

for ay < 1 adherence to the acceptance boundaries is required to control the level

Q.

2.2.2 Sample size reassessment

The two stage procedure based on the product test provides a strikingly simple
way for sample size reassessment. Let p; be the p-value calculated from the
first stage. Then we know that the product test in the end can only reject if
P2 < Ca,/p1- Hence, we can aim at a particular conditional power 1 — /3 at the
end by choosing an appropriate sample size for the second stage at the modified
significance level ¢,,/p;. Thus, we can use all classical sample size calculations
for fixed sample size tests (Bauer and Kohne, 1994). If oy < p; < ap (in designs
that allow early acceptance) or if oy < p; (in designs that do not allow early

acceptance), i.e. if there is a second stage, we choose ny to satisfy

R N2
: 26¢ ({29 + 20+
na(p1, 01, ) = A2 ) (4)

where 6% is the estimated variance from the first stage, a*(p;) = C;‘—f, 2y denotes
the v-quantile of the standard normal distribution, and [-]~ denotes the negative
part of the argument. Thus, we determine the sample size in the second stage
based on the prefixed alternative A = ju; — o > 0, the variance 6% observed in the
first stage, and the p—value from the first stage such that the power conditional
on the event that there is a second stage is close to 1 — 3 (as long as the accuracy
of the variance estimate is good). Thus, ny depends on p; (which itself depends
on the estimated effect size) and on the estimated variance.

Note that asymptotically for n; — oo such that 6; — o almost surely,

the conditional power for the second stage is almost surely 1 — 3. We did not
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investigate the case where upper confidence limits for the variance are used for
sample size reassessment (Browne, 1995; Kieser and Wassmer, 1996) or estimates
of A/o (Proschan and Hunsberger, 1995). The calculations in the following can
be generalized to these cases.

The normal approximation in the sample size reassessment formulas is taken
for computational simplicity throughout the paper. All integrations were per-
formed with Mathematica using a minimum of ny = 3. We approximated the

t-distribution with more than 200 degrees of freedom by the normal distribution.

2.3 The procedure with early acceptance

If we allow for early acceptance we can construct a decision boundary leading to
the conditional and overall power 1 — (3. Given a conditional power of 1 — G at
the second stage, to get an overall power of 1 — (3, the power conditional on early

stopping has also to be 1 — . Thus, under the alternative

P(p1 > Oéo) _
P(p1 > ap) + P(p1 < )

()

has to hold. From this equation we derive for given o and «; the sample size for
stage one. Let A; denote the difference between the averages of the two groups

in the first sample. Then asymptotically for A — 0 such that n;y — oo the term

(5) can be approximated by P(Alffql_ao) = 8. Let £ = &Y/
P A\lf;/?<21—a0)+P( \lf;/:j>21—al) . \/50- '
Then ¢ satisfies the equation
1-p
5 e (21-00) = 1= Py (21-a1) » (6)

where @, »)(-) denotes the cumulative distribution function of the normal dis-

tribution with parameters x4 and 0. We denote the unique solution of (6) by a
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function (o, 1) which is defined for all oy € (Cay(ag,an) @), 0 € (01,1 — aq),

and fixed < 1/2. Hence, if the sample size in the first stage is chosen by

2 ~2 7 2
1 (ag, an) = W, (7)

where 0 denotes the a priori estimated standard deviation. The global power is
1 — (3 if the variance estimate is correct. Note that equation (6) can be solved

numerically, e.g. by Newton’s method.

2.4 The procedure without early acceptance

Many sequential decision procedures do not include the possibility of a controlled
early acceptance decision (ag = 1). Then, since there is a positive probability to
reject Hy after the first stage the overall power is expected to be greater than 1— /3
if we apply systematic sample size reassessment based on the conditional power
1 — (3. If an exact overall power is intended this would require that a conditional
power of less than 1 — [ is applied for sample size reassessment. However, if
an experimenter proceeds to the second stage he or she may not be convinced
to use a lower conditional power because some power has already been “spent”.
Therefore in this situation designs will be investigated which are expected to
provide an overall power exceeding 1 — (3.

By the way, the design without early acceptance of the null hypothesis has
drawbacks. The null hypothesis may be rejected while the overall mean (over
the observations of both stages) points towards the wrong direction. An opposite
trend in a large first stage may not be compensated by a clearly positive trend
(leading to a very small p,) observed in a small second stage. This may occur

also for other combination tests, since the combination functions have to be laid
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down a priori. When sample size reassessment occurs, the weights of the two
stages in general will not reflect the actual sample sizes. In practice one could
impose lower and upper limits on n,. This by construction of the adaptive test
procedure would have no impact on the type I error probability but only increase
the average power.

It may also happen that the sample size required for the second stage is
larger than the sample size needed for a new trial performed at level a. However
in these cases one would start the new trial with the burden of a previous negative

trial.

3 Minimizing the average sample size

In this section we discuss optimal decision boundaries assuming the variance has
been correctly specified a priori. We further choose the simplified setup A — 0
such that n; — oo and 6; — ¢ almost surely. In this situation the variability of

ng arises from the variability of p; only.

3.1 The procedure with early acceptance

Consider first the case with early stopping, i.e. ay < 1. For fixed «, 3, and a
particular set of aq, ag, @y values we assume that n; and ny are determined to
give a conditional power of 1 — 3 in case of early stopping as well as continuation
based on the a priori estimate og. To get the average sample size we average over
all values of p;. Under Hy, if Agr = A is the real difference, and under H, we can

write the average sample size as n(ag, a1) = ngx Kp, (oo, 1), where ngy, denotes
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the sample size of the standard test with fixed sample size and

@

Ky, (ag, 1) = c? {5(0407041)2+/ (Zﬁ‘i‘za*(p))Qin(p) dp},

«aq

where f,(p) denotes the density of p; under H; and ¢* = (2, + z3) 2 (for the
technical details see Appendix A). Thus, to minimize the average sample size over
ap and oy under the alternative it suffices to minimize Ky, (ap, ). Table 1 lists
the optimal g and a4 values for different levels of @ and  under the constraint
oy = «. Minimizing under H, leads to similar decision boundaries. E.g. for
a =0.025 and 8 = 0.2 we get the optimal g = 0.203 (in contrast to g = 0.171
if we minimize under Hy).

We investigated how much the optimal design parameters depend on the
assumption of known ¢ and performed a numerical optimization for the actual
procedure where the estimated standard deviation is used for sample size re-
assessment. Here the optimal design parameters depend on the effect size. For
an effect size of half of the standard deviation with a = 0.025, 8 = 0.2 we get
a lower optimal «q of 0.153. However, the average power and sample size are
practically unchanged as compared to the asymptotically optimal design.

For a similar setup Case and Morgan (1987) gave optimal stopping bound-
aries. For their setup it makes a big difference if they optimize under H; or H
since they do not use conditional power arguments. For a = 0.01, 3 = 0.1 they
get the values ap = 0.0895, a1/ = 0.318 (ap = 0.212, a1/ = 0.273) under H;
(Ho).

Insert Table 1 about here
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3.2 The procedure without early acceptance

The calculations for the case without early stopping are very similar. For all
choices a = 0.01,0.025, 0.05 the optimum is a; = ¢, (non-stochastic curtailment).
This is plausible since a higher oy (> ¢,) leads to a higher power at the first
stage and hence a higher overall power by systematically applying the sample
size adaptation at the second stage. The optimal n; depends only on « and (.
E.g. for a = 0.025 and § = 0.1(0.2) the optimal ny value is 42.2% (38.7%) of
the sample size required for the fixed size sample z-test. Here under the null

hypothesis the optimal n; is 0 as can easily be seen.

4 The influence of a priori misspecification of the variability

We now investigate the average sample size and the average power of the two

procedures in the finite case for several parameter choices (for the derivations see

Appendix B).

4.1 The procedure with early acceptance

We consider two choices of the acceptance boundary. First, we use the optimal
o that minimizes the sample size under the alternative. Second, we choose
ap = 0.5, i.e. we accept only if after the first stage there is no positive trend
as suggested e.g. by Wieand and Therneau (1987) for the comparison of two
independent binomial distributions. Table 2 gives the average power and average
sample size for several parameter choices and an optimal n; of 36 (8 = 0.2)
and 44 (8 = 0.1) resulting from an effect size of 1/2 of the standard deviation.

We see that if the initial standard deviation estimate &y is too low the power
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of the standard t-test collapses (last column). Note that ng, here is calculated
for the fixed size sample test from the corresponding t-distribution. As long as
the variance was correctly chosen a priori the planned power is nearly met by
the adaptive procedure. One reason for the small deviation may be the normal
approximation in the sample size formulas. In the case where o is overestimated
the average power is exceeding the targeted power. However, if the variance was
underestimated in the planning phase the procedure accepts Hy too often after
the first stage such that the overall power is noticeably below the planned power.
This applies for the (small) optimal ay but — less severely — also for the case
ag = 0.5. However, in both cases the power is still higher than for the fixed size
test.

To investigate robustness of the optimal design in the non-asymptotic case
we looked at the results for small sample sizes as e.g. n;=9 arising from an effect
size of one standard deviation and o = 0.025, # = 0.025. If the correct a priori
variance is used in the planning phase applying the asymptotically optimal design
we found a loss of power of less than two percentage points compared to Table 2

accompanied with a slightly lower sample size under the null hypothesis.

Insert Table 2 about here

4.2 The procedure without early acceptance

Table 3 shows the statistical properties in this situation. Now, the product test
with sample size reassessment always exceeds the targeted power. The excess in
power for the situation where the exact parameter values are used in the planning
phase is due to early rejection. In the cases where the initial estimate 6 is correct

or too low, the average sample size under the alternative is close to ngc. In the
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case where o is overestimated as in the previous procedure the average sample
size is larger than the one of the t-test based on correct a priori estimates.
Under the null hypothesis the average sample size becomes quite large in
all three scenarios since in this case we often have to perform the sample size re-
assessment with a large p; value because no early acceptance occurs. For practical
applications these cases may be avoided by introducing a maximum total sample

size. This as mentioned above has no impact on the type I error probability.

Insert Table 3 about here

5 Midtrial redesign of the decision boundaries

As demonstrated above for the procedure with early acceptance, if we a priori
underestimate the variance and choose a too small n; the power decreases dra-
matically since then the ag is too small for the chosen sample size. This problem
can be addressed by adapting «q after the first stage, using the estimated vari-
ance. If aq is adapted additionally either (a) ay or (b) as have to be adapted
according to equation (2). Then asymptotically for A — 0 such that n; — oo we
have lim,,, .~ 61 = o almost surely and thus, the procedure asymptotically still
meets the «a level.

The adaptation of g to achieve the asymptotic power 1—/ is straightforward

using relation (6). Let £ = 2¥™ . We start with the simple case (b) where we

V26,
adapt ag and ay. Here we choose aq to satisfy
1-p
3 Dieqy (1-00) = 1= Py (21-04) - (8)

Then we determine ap by (2) which gives

ax(ag, a1) = 1 — X (=2log[(a — a1) /{log(an) — log(a1)}]) (9)
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where X? denotes the distribution function of the x? distribution. The early
rejection boundary «; is not changed.

In case (a) we fix ag = a but modify «y and «a; such that (2) and (8) are
satisfied. To this end we replace in (8) ag by ag(a;) defined in (3) and then solve
for ai;. Note that a decrease of g leads to an increase of aq. This happens if
the variance is smaller than expected and hence typically if the p-value for the
first stage is small. Hence, in this case the early rejection boundary and thus, the
probability of an early rejection is raised. This seems to be a rather provocative
property from a practical viewpoint. In case (b) where ay is modified, a decrease
in g leads to an increase in «s. Starting with as = «, this leads to a final test
with a level greater than «. Therefore for both cases (a) and (b) we study only a
modified procedure which allows ag only to be raised (if the observed variance is
larger than 6y). Thus, an overestimation of the variance should lead to a power
exceeding 1 — f3.

In both cases for A — 0 such that 6; — o almost surely the test asymptoti-
cally controls the level a and (because of the one sided adaptation of «y) exceeds
the planned power 1 — (3. However, what happens in the finite case? We compute
the probability that Hj is rejected under the null and the alternative hypotheses.
Table 4 gives the results for several parameter choices. The formula for the av-
erage power is given in Appendix B. For both cases (a) and (b) the power does
not drop noticeably and the type I error probability is hardly inflated. Adapting
a instead of a; makes the procedure even less anti-conservative. The average
sample sizes under Hy as well as H; are quite moderate.

It may be suspected that applying very low sample sizes could increase the

type I error probability substantially. Performing the calculations for ny = 9
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(a priori and actual effect size of one standard deviation, « = 0.025,5 = 0.1)
and case (b) increased the type one error probability only from 0.0251 to 0.0253
accompanied with a practically unchanged power but a slight increase of the
relative average sample size. Note that the type I error probabilities for the mid-
trial design modification hold independently of the sample size reassessment rule
applied: under H, the distribution of ps is independent from this rule.

Insert Table 4 about here

6 Application

The application of the procedures is straightforward. When allowing for early
acceptance optimal ap and «a;-values (leading to an optimal n; by solving (8))
have to be determined first. For the procedure not allowing early acceptance
the optimal a; is ¢, such that only the optimal n; has to be determined. All
the calculations can be performed with a Mathematica notebook available under

http://www.mstat.univie.ac.at /reassess/.

6.1 An Example

To demonstrate the application of the method we sketch a theoretic example from
urology. Various trials have been run to treat patients with voiding disorders asso-
ciated with benign prostatic hyperplasia using the WHO International Prostatic
Symptoms Score (IPSS, 0 < IPSS < 35) as the primary efficacy variable.

An active treatment is compared to placebo. The pre-post difference after
6 months has been chosen as primary variable. A standard deviation of 5 units

is assumed in the planning phase for the pre-post difference (based on previous
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trials). We assume the relevant advantage over placebo to be 2 points on the
IPSS scale. With @ = 0.025, 1 — 8 = 0.9 the optimal design for a trial including
early acceptance according to Section 3.1 would be ay = 0.206, «; = 0.0150, and
ny = 0.524 - ng, = 70, where ng, = 133. In the interim analysis 6; = 6.1 and
p1 = 0.21 based on the one sided two sample t-test has been observed.

The redesign of the trial has been defined in advance to be performed by
adjusting «p and as. Therefore we get af = 0.402 and o = 0.0207 (ca, =
0.00304). Using p; = 0.21 we get an ny of 224. Thus, the overall sample size is
294 per group which is about 50% more than needed for the fixed sample t-test
planned with 65 = 6.1. Note that a p-value of 0.21 or larger has a probability
under the alternative (if 6.1 were the true standard deviation) of only 0.13 so
that such extreme sample sizes are rather rare. Under the same alternative the
probability of an early rejection is as large as 41% so that with a high probability
a positive decision would be achieved with the rather small sample already at
the first stage. Looking at the situation under the null hypothesis the procedure
accepts early with a probability of about 0.6 (if integrating over all redesign
scenarios with a true ¢ = 6.1). To be complete, early rejection will occur with

an additional probability of 0.015 (the early rejection boundary is not adapted).

7 Concluding Remarks

We have reduced the flexibility of general adaptive two stage designs to sample
size reassessment based on conditional power arguments.

Note first that by construction of the adaptive procedure we get sequential
level « tests even if it is decided in the interim analysis to choose the sample

size based on information beyond the estimated variability, e.g. the estimated
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effect size. This extra flexibility together with the option of early stopping make
comparisons with other methods of sample size reassessment difficult and ques-
tionable.

First we looked at “optimal” designs including an early acceptance decision.
Given that all assumptions in the planning phase are correct we can construct de-
cision rules that lead to an overall power close to the intended one when applying
systematic sample size reassessment. When the variability has been underesti-
mated a priori the design optimal under the a priori specification may, under the
alternative, lead to a considerable loss of power due to frequent early acceptance
of the null hypothesis. This does not occur when early acceptance is not in-
cluded. Then as in procedures without early stopping options systematic sample
size reassessment leads to satisfactory power values for the price of larger average
sample sizes under the null hypothesis.

A more sophisticated way to avoid a loss of power in case of an a priori
underestimation of the variance is to use the observed variability from the first
stage to perform a mid-trial redesign of the acceptance limit. In particular, if the
observed variability is larger than the a priori estimate we propose to make early
acceptance less probable. Consequently, in order to preserve the overall level «
the rejection decision has to be made more difficult too. It can be shown that
such a procedure with systematic sample size reassessment does not noticeably
inflate the type I error probability but preserves the intended power. Overall this
result is not completely unexpected. First, the estimate of the variability for the
normal distribution is stochastically independent of the estimated difference in
the means. Second, the changes in acceptance limits are paid back by changes

in the rejection limits. Both decisions are made more difficult in case of a priori
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underestimation of the variability.
These findings are again an indication that the mid-trial variance estimate
may be used in various ways without noticeably compromising the statistical

properties of decision procedures on the mean of a normal distribution.
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A Appendix: Minimizing the sample size

We discuss here the minimization of sample size for the case with early acceptance
(see Section 3.1). The formulas for the case without early acceptance are very
similar. In the following we assume that o is known. Thus, we use the normal
distribution throughout and insert o in (4) and (7).

Let Ag denote the real difference between the means of the two groups. The

‘P(ARM 1>(21*P1)
V2o
¥(0,1) (z1-p—1)

distribution of p; is then given by f(p) = , where ¢, » denotes
the probability density function of the normal distribution with parameters p

and o. If ny is chosen by (7) then under the alternative hypothesis if Ar = A the

density of p; can be written as fy, (p1) = So{fijfo’ol‘)lg’;l}(:l)_“), where £(+) is defined
, —pr1

by (6). Note that fg, is independent of o and Ag. The average total sample size

under the alternative in each group is given by

o
n(ag, 1) = n1(a0,a1)+/ no{p1, 0, as(o, 01)} fr, (p1) dpr
202 ao
= Az{g(ao,m)z%- ; (25+zca/p1)2fgl(p1)dp1}, (10)

where nq(-) is given by (7) and as(-) by (9). Note that the average sample size

under H; only depends on «, 3,y and a;. It can be easily shown that the
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same holds under Hy,. We now minimize the average sample size numerically
under the constraint as = « such that for given a; the boundary «q is given by
(3). This leads to a one dimensional minimization which we performed with the

Mathematica procedure FindMinimum.

B Appendix: Computation of the average power and sample

size for unknown variance

Let A and 67 be the assumed difference and variance in the planning phase and
Apg and o? the true difference and variance. We give here a general form of the
formulas that apply for the cases without and with mid-trial design modifications
(a) and (b) in Section 5. For all cases we denote the rejection resp. acceptance
boundaries by o} (6%3), ay(6%),ab(63). The probability that Hy is rejected after
the first stage is given by ™ = P(p; < «/(61)). For method (a) p; and o/ (6%)

are not independent. We have (for all methods)

P (—Z >t )
™ = v,1—a/ (U c?/v)
U 1

U
= P (Z > ty1-of (U o2 /v) \/Z)

00 U
= 1- (I)(AR\/W 1) <tu,1—oc’1(u0'2/u) H) fxg (U) du.
20 14

0 V2

where v =2n,;—2, Zis N (A%‘/Un_l, 1) distributed, U is x2 distributed, ¢, ., denotes
the y-quantile of the central ¢-distribution with v degrees of freedom, fy2 is the
density function of the x? distribution with v degrees of freedom, and ®(,, ) de-

notes the cumulative distribution function of the normal distribution. Similarly,

the probability that we stop after the first stage accepting Hy is given by p1(ny) =

P (Z < ly1-al(Uo?/w) \/g) = Jo @(%71) (ty,1—a()(ua2/u) \/E) frz(u) du.



References 20

Hence, the probability of rejecting Hy conditional on the event that we stop

m1(n1)

) () If we reach the second stage the condi-

in the first stage is given by

ls
where G, ¢) denotes the cumulative distribution function of the ¢-distribution

tional probability to reject is ma(ng, p1, ag) = 1—G(2 ) ARM> (t2n2_271_002/p1) ,
It RV P

with v degrees of freedom and non-centrality parameter £&. The probability that
the second stage is reached and Hj is rejected is given by

T = fo ftt::__:;::://:://—j Ty {m {p1(z, u), \/@, ady <u702)} ,p1(z,u), o (“7"2)] *
fra(w) qﬁ(%’l) dz du, where pi(z,u) = 1 — GM% (u%), and ny(-) is given

s
by (4). The average power is then given by # = m;+7. The average sample size is

iven by n1+ [5° fty’17a3<ua2/y)\/gn (z,u), /2“2, o (“—"2) «frz(u) @, a dz du
g y 0 tu,lfaé)(uo-Q/u)\/g 2y P15, ; v 2 v Xv (I\}_T\/Uﬁ,l) :
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154 0.1 0.2
« o % % Qg % %
0.01 | 0.132 | 0.594 | 0.542 || 0.106 | 0.630 | 0.588
0.025 || 0.206 | 0.601 | 0.524 || 0.171 | 0.639 | 0.570
0.05 | 0.284 | 0.612 | 0.508 || 0.241 | 0.652 | 0.554

Tab. 1. Optimal «p, a1, and the corresponding n; as fraction of ngy.
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o' B Qg P1 s T s ,%i Trfixo
0.206 || < 0.00110.993 [0.999|2.01 |2.16
1
0.5 < 0.001 10.890 [0.989|1.27 |1.71
0.206 || 0.0640 | 0.558 |0.897 | 0.786 | 0.681
0.1 0.9
0.5 0.0343 ]0.292 |0.894 | 0.849 | 0.833
0.206 | 0.229 0.266 | 0.718 | 0.621 | 0.398
0.58
0.5 0.112 0.128 | 0.805 | 0.828 | 0.667
0.025
0.171 ] < 0.001]0.978 [0.995|2.15 |2.26
1
0.5 < 0.00110.765 [0.952]1.32 |1.69
0.171 | 0.123 0.474 ]0.795 | 0.831 | 0.683
0.2 0.8
0.5 0.0573 ]0.213 |0.790 | 0.910 | 0.839
0.171 | 0.324 0.224 | 0.583 | 0.579 | 0.377
0.463
0.5 0.146 0.0961 | 0.695 | 0.844 | 0.676

Tab. 2: Average power and sample sizes for the procedure with early acceptance.

The results are given for the optimal oy, for ap = 0.5, and the a priori

standard deviation estimate 6y = 2. p; denotes the probability of early

acceptance under Hy, o the actual standard deviation, 7 the probability

to reject at the first stage under Hy, 7 the average overall power, fia /gy

and 79/ng, the average sample size under Hy and H; as fraction of the

sample size of the one stage t-test planned with the actual variance, and

Ty, the power of the one stage ¢-test planned with oy = 2.
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= na nQ
« G |o| m T s o | Tixg

110894 (0992|151 [265]1

0.12(0.239 [0.922]0.895|1.60 0.9

3 1] 0.0866 | 0.903 | 0.966 | 1.40 | 0.580

0.025
110800 [0.972]1.66 |2.78]|1

0.2]20.181 ]0.837{0.991|1.67 0.8

3 110.0671|0.809 | 1.03 |1.46 | 0.463

Tab. 3: Average power and average sample sizes for the procedure without early
acceptance choosing a; = ¢, and ny optimal for A = 1 and the a-priori

standard deviation 6y = 2. The columns are defined as in Table 2.
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o 16} ad. || Geg p1 T T e s Tfixo
a1 || 0.0250 | < 0.001 | 0.993 | 0.999 | 2.00 | 2.16
1
as || 0.0250 | < 0.001 | 0.993 | 0.999 | 2.00 |2.16
a1 || 0.0252 | 0.0527 | 0.549 | 0.907 | 0.804 | 0.723
0.1 0.9
as || 0.0251 | 0.0534 | 0.557 | 0.907 | 0.806 | 0.723
a1 || 0.0252 | 0.026 0.197 | 0.894 | 0.892 | 0.998
0.58
as || 0.0250 | 0.0334 | 0.265 | 0.894 | 0.931 | 0.989
0.025
a1 | 0.0250 | < 0.001 | 0.978 | 0.995 | 2.15 | 2.26
1
as | 0.0250 | < 0.001 | 0.978 | 0.995 | 2.15 | 2.26
oy || 0.0252 | 0.102 0.465 | 0.812 | 0.862 | 0.726
0.2 0.8
oy | 0.0251 ] 0.104 0.474 1 0.812 | 0.867 | 0.724
ap || 0.0253]0.0475 |0.163 | 0.793 | 0.941 | 0.977
0.463
s || 0.0251 | 0.0626 | 0.224 | 0.794 | 0.998 | 0.96

Tab. 4: Average power and sample sizes for the procedure with early acceptance
and redesign of the decision boundaries. The columns are defined as in

Table 3 and 2. The column ’ad.” describes the two scenarios of increasing

ap by adjusting a; (s = @) or ay (ag unchanged) and the column g

denotes the effective type I error probability.



